In this paper we establish the weak homotopy type of the space of holomorphic immersions from any open Riemann surface, M , into the Riemann sphere. We show in particular that this space has 2 k path components, where H 1 (M, Z) = Z k . We also prove a parametric version of Mergelyan approximation theorem for maps from Riemann surfaces into any complex manifold, a result used in the proof of our main theorem.
The main result
In this paper, M always stands for an open Riemann surface. Our aim is to determine the weak homotopy type of the space I (M, CP 1 ) of holomorphic immersions M → CP 1 into the Riemann sphere CP 1 = C ∪ {∞}.
We begin by identifying the space of formal immersions of M to CP 1 . Let E = T CP 1 \ {0} π −→ CP 1 denote the tangent bundle of CP 1 with the zero section removed, a holomorphic C * -bundle over CP 1 . Here, C * = C \ {0}. Since E is a fibre bundle with Oka fibre C * over an Oka base CP 1 , E is an Oka manifold (cf. [6, Theorem 5.6.5] ), and hence the natural inclusion O(M, E) ֒→ C (M, E) is a weak homotopy equivalence by the Oka principle. Thus, we may consider Φ either as a map to O(M, E), or to C (M, E).
Let us now identify the path components of the spaces I (M, CP 1 ) and C (M, E). Denote by Z the ring of integers. The fundamental group of E equals π 1 (E) ∼ = Z 2 = Z/2Z, and its generator is represented by a simple loop in any fibre E x ∼ = C * (see Lemma 2.1). The first homology group of M equals H 1 (M, Z) = Z k for some k ∈ {0, 1, 2, . . . , ∞}, and M is homotopy equivalent to a bouquet of k circles. It follows that the space C (M, E) has 2 k path components, each determined by the winding numbers modulo two of a map on a collections of loops forming a basis of H 1 (M, R) (see Corollary 2.2). Together with Theorem 1.1 we obtain the following result. We obtain more precise information the commutative diagram
induced by the inclusion C ֒→ CP 1 . Note that E| C = C × C * ≃ S 1 , the inclusion of the circle S 1 into C * being a homotopy equivalence. Hence, the spaces C (M, E| C ) and C (M, S 1 ) are homotopy equivalent, so we may take C (M, S 1 ) as the space of formal immersions M → C. The first construction of holomorphic immersions from any open Riemann surface, M, into C was given by R. C. Gunning and R. Narasimhan in 1967, [12] . It was proved by Forstnerič and Lárusson in 2018 (see [5, Theorem 1.5] ) that for any such M, holomorphic immersions M → C n for any n ≥ 1 satisfy the parametric hprinciple. More precisely, given a nowhere vanishing holomorphic vector field V on M, the map Φ :
satisfies the parametric h-principle, and hence is a weak homotopy equivalence. It is also a strong equivalence if M is of finite topological type, see [5, Remark 6.3] . (Here, S 2n−1 denotes the unit sphere of C n = R 2n .) Hence, the vertical map in the left column of the above diagram is a weak homotopy equivalence, and it is a strong equivalence if M is of finite topological type. By Theorem 1.1, the vertical map in the right column is also a weak homotopy equivalence. Hence, Theorem 1.1 and Corollary 2.2 imply the following. Consider the simplest nontrivial case when M is an annulus in C, and assume for simplicity that M contains the unit circle T = {|z| = 1}. The path components of I (M, C) are then represented by the immersions z → z d for d ∈ Z\{0}, and by the figure eight immersion for d = 0. Indeed, the derivative (z d ) ′ = dz d−1 has winding number d − 1 = −1 on T, which covers all integers except −1. Let f : T → C be a real analytic figure eight immersion whose tangent vector map e it → d dt f (e it ) = if ′ (e it )e it has winding number zero. Then, f complexifies to a holomorphic immersion of a surrounding annulus, and the winding number of z → f ′ (z) along the circle z = e it equals −1. Immersions M → C with winding numbers d 1 , d 2 are isotopic as immersions into CP 1 if and only if d 1 − d 2 is even, and the path components of the space I (M, CP 1 ) are represented by any pair immersions M → C with d 1 − d 2 odd.
We wish to place Theorem 1.1 in the context of known results.
We have already mentioned that immersions from open Riemann surfaces into C n satisfy the parametric h-principle (see [5, Theorem 1.5] ). Much earlier, Eliashberg and Gromov established the basic h-principle for holomorphic immersions of Stein manifolds of any dimension n to Euclidean spaces C N with N > n (see [11] , [9, Sect. 2.1.5], and the survey in [6, Sect. 9.6] ). Note that a one dimensional Stein manifold is the same thing as an open Riemann surface. A parametric h-principle in the same context was obtained by Kolarič [14] ; however, since it does not pertain to pairs of parameter spaces, his result does not suffice to infer the weak homotopy equivalence, and not even bijectivity between path components of genuine and formal immersions.
A major open problem is whether the h-principle holds for immersions M n → C n from Stein manifolds of dimension n > 1. A formal immersion is given by a trivialisation of the tangent bundle T M, but it is not known whether triviality of T M implies the existence of a holomorphic immersion M → C n (see [6, Problem 9.13.3] ). The basic h-principle for holomorphic submersions M → C q from Stein manifolds with dim M > q ≥ 1 was proved in [4] .
Parametric h-principle also holds for directed holomorphic immersion of open Riemann surfaces into C n , provided the directional subvariety A ⊂ C n is a complex cone and A \ {0} is an Oka manifold (see Forstnerič and Lárusson [5] and note that immersions into C n for any n ≥ 1 are a special case).
The author is not aware of other results in the literature concerning the validity of the h-principle for holomorphic immersions from Stein manifolds to complex manifolds. The h-principle typically fails for maps from non-Stein manifolds, in particular, from compact complex manifolds. It also fails in general for immersions into non-Oka manifolds, for example, into Kobayashi hyperbolic manifolds.
In the smooth world, the h-principle for immersions M → N between a pair of smooth manifolds is known to hold whenever dim M < dim N, or dim M < dim N and M is an open manifold (see Smale [19] , Hirsch [13] , and Gromov [9] ). However, methods used in the smooth case do not suffice to treat the holomorphic case, and often there are genuine obstructions coming from holomorphic rigidity properties of complex manifolds.
Topological preliminaries
Recall that E = T CP 1 \ {0} π −→ CP 1 denotes the tangent bundle of CP 1 with the zero section removed. Note that E| C = C × C * . The line bundle E → CP 1 has degree 2. Indeed, the coordinate vector field ∂ ∂z has no zeros on C, while in the coordinate w = 1/z centred at ∞ = CP 1 \ C it equals −w 2 ∂ ∂w , so it has a second order zero at ∞.
the vertical maps being induced by the horizontal inclusions in the above diagram. In the top line we π 2 (C) = 0 = π 1 (C), and α is an isomorphism Z → Z. In the bottom line we have
so π 1 (E) is the cokernel of the boundary map π 2 (CP 1 ) = Z δ → Z = π 1 (C * ). Take a generator of π 2 (CP 1 ) in the form of a continuous map from the closed disc D onto CP 1 , collapsing the boundary of D to a point p in CP 1 . Lift this map to E using a nowhere vanishing holomorphic vector field V on CP 1 \ {p} with a double zero at p. (For p = 0 ∈ C ⊂ CP 1 we may take V = z 2 ∂ ∂z .) The boundary of D then lifts to a loop in the tangent space of CP 1 at p that winds twice around zero. Thus, the map δ : Z → Z equals m → 2m, so π 1 (E) ∼ = Z 2 and β : Z → Z 2 is the map m → m mod 2. The diagram also implies that γ : Z → Z 2 is surjective, so it equals m → m mod 2.
Proof. This follows immediately from Lemma 2.1 and the fact that M has the homotopy type of a bouquet of k circles, where H 1 (M, Z) = Z k . Here we are using the fact that for any manifold M, π 0 (C (M, S 1 )) = [M, S 1 ] = H 1 (M, Z), and similarly for π 0 (C (M, E)).
3.
A parametric approximation theorem for immersions from discs to CP 1
In this section we prove a homotopy approximation theorem for holomorphic immersions from a pair of discs in C to CP 1 ; see Proposition 3.1. This is one of the main ingredients in the proof of Theorem 1.1.
Let Q ⊂ P be compact Hausdorff spaces which will be used as parameter space. (To establish weak homotopy equivalence in Theorem 1.1, it suffices to consider two special cases: P = S k (the k-dimensional sphere) for any k ∈ N and Q = ∅, and P = B k (the closed ball in R k ) for any k ∈ Z + , and Q = bP = S k−1 .) The following conventions will be used in the sequel.
(1) A holomorphic map on a compact set K in a complex manifold M is one that is holomorphic on an unspecified open neighbourhood of K. Proposition 3.1. Let Q ⊂ P be as above, and let ∆ 0 ⊂ ∆ 1 be a pair of compact smoothly bounded discs in C (diffeomorphic images of the closed unit disc). Assume that f p : ∆ 0 → CP 1 is a family of holomorphic immersions depending continously on the parameter p ∈ P such that for all p ∈ Q the map f p extends to a holomorphic immersion f p : ∆ 1 → CP 1 . Let dist denote the spherical distance function on CP 1 . Given ǫ > 0 there exists a continuous family of holomorphic immersionsf p :
Thus, f ′ has a second order pole at a and its residue equals zero. Conversely, any meromorphic function on a simply connected domain U with vanishing residues is the derivative of a holomorphic immersion U → CP 1 .
Consider first the special case when the functions f p have no poles on their domains. Pick a point z 0 ∈ ∆ 0 . Since the derivatives f ′ p are novanishing holomorphic functions, there is a continuous family of holomorphic logarithms
By the parametric Oka-Weil theorem [6, Theorem 2.8.4], we can approximate this family uniformly on (P ×∆ 0 )∪(Q×∆ 1 ) by a continuous family of holomorphic functions {ξ p ∈ O(∆ 1 )} p∈P such thatξ p (z 0 ) = 0 for all p ∈ P andξ p = ξ p for all p ∈ Q. The family of holomorphic functions given bỹ
then clearly satisfies the conclusion of the proposition.
The proof is more involved in the presence of poles. We shall need the following lemma. (a) For every p ∈ P , the points in A(p) ∩ ∆ 1 are pairwise distinct.
More precisely, we consider A as a map A : P → Sym k (C) into the kth symmetric power of C, and its continuity is understood in this sense. A point a i (p) ∈ A(p) such that a i (p) = a j (p) for some i = j is called a multiple point of A(p), and the remaining points are called simple points.
Proof. By the parametric version of Royden's theorem [17] (i.e., Runge's theorem for meromorphic functions on compact Riemann surfaces), we can approximate the family {f p } p∈P uniformly on a neighbourhood of (P ×∆ 0 ) ∪(Q×∆ 1 ) in P × C by a continuous family of rational functions {f p } p∈P . (We can also appeal to the parametric Oka principle for maps into the Oka manifold CP 1 ; see [6, Theorem 5.4.4] .) Furthemore, replacingf p byf p (z)+cz N for some small c > 0 and big N ∈ N, we may ensure that for each p ∈ P the functionf p has a pole of order N at ∞ = CP 1 \ C.
For each p ∈ P we denote by B(p) = {b 1 (p), . . . , b k (p)} the family of poles off p lying in C (which is all except the one at ∞), where each point is listed with multiplicity equal to the order of the pole. Since ∞ is an isolated pole of eachf p , there is a disc in C containing B(p) for all p ∈ P . Assuming as we may that the approximation of f p byf p is close enough for each p, there are open neighbourhoods P 1 ⊂ P 0 = P of Q, and ∆ ′ j ⊂ C of ∆ j for j = 0, 1, such that B(p) has only simple points in ∆ ′ j for all p ∈ P j (j ∈ {0, 1}). This means thatf p , considered as a map into CP 1 , is an immersion on ∆ ′ j for all p ∈ P j , j ∈ {0, 1}. The remaining poles off p may be of higher order.
Assuming that the approximations are close enough, there is a continuous family of injective holomorphic maps φ p (p ∈ P = P 0 ), defined and close to the identity map on a neighbourhood of ∆ j if p ∈ P j (j ∈ {0, 1}), such that
This holds by the parametric version of [6, Lemma 9.12.6] or [4, Lema 5.1], which is easily seen by the same proof. Thus, for p ∈ P j (j ∈ {0, 1}), φ p maps the set of poles off p near the disc ∆ j bijectively onto the set of poles of f p near ∆ j . We now extend φ p to homeomorphisms (even diffeomorphisms)
for p ∈ P satisfy the conclusion of the lemma. This is acomplished by choosing φ p for p ∈ P \ Q such that it expels all multiple points of B(p) out of the big disc ∆ 1 .
We continue with the proof of Proposition 3.1. For any p ∈ P let A(p) be given by Lemma 3.2. Consider the following family of holomorphic polynomials on C, depending continuously on the parameter p ∈ P :
The function
is then nonvanishing holomorphic on ∆ 0 for every p ∈ P , and it is nonvanishing holomorphic on ∆ 1 if p lies in a small neighbourhood P 1 ⊂ P of Q.
Fix p ∈ P and a point a ∈ A(p) ∩ ∆ 0 (resp. a ∈ A(p) ∩ ∆ 1 if p ∈ P 1 ). Let A calculation shows that for any holomorphic function h(z) near z = a,
The function h/Θ p admits a meromorphic primitive at a if and only if this residue vanishes, which is equivalent to the condition
This holds for h p /Θ p = f ′ p whose primitive is f p . Thus, when approximating h p by a functionh p ∈ O(∆ 1 ), we must ensure that
We now explain how to do this.
Fix a point z 0 ∈ ∆ 0 . The family of logarithms
is well defined and holomorphic on ∆ j for p ∈ P j (j = 0, 1). Note that
so the conditions (6) for the functions h = h p are equivalent to (10) η p (a) = c p,a for all a ∈ A(p) ∩ ∆ j , p ∈ P j , j = 0, 1.
(Recall that P 0 = P .)
To complete the proof, we must find a continuous family of holomorphic functionsη p ∈ O(∆ 1 ) (p ∈ P ) such that (i)η p approximates η p uniformly on ∆ 0 for all p ∈ P , (ii)η p = η p for all p ∈ Q, and (iii)η p (a) = c p,a for all a ∈ A(p) ∩ ∆ 1 and p ∈ P .
Indeed, having such functionη p , we retrace our path back by setting for all z in a neighbourhood of ∆ 1 andn p ∈ P :
(see (5) , (8) , and (9)). The integrals are well defined and independent of the choice of a path in the disc ∆ 1 since, by the construction, the functionh p /Θ p has vanishing residue at every point in A(p) ∩ ∆ 1 .
In order to complete the proof of the lemma, it remains to construct a family of functionsη p satisfying conditions (i)-(iii) above. This is a linear interpolation problem at finitely many points depending continuously on p, and hence a convex combination of solutions is again one. This allows for the use of a partition of unity on the parameter space.
We proceed as follows. Fix a point p 0 ∈ P . If p 0 belong to the neighbourhood P 1 of Q, there is nothing to do since h p is already holomorphic on the big disc ∆ 1 for p ∈ P 1 and we shall use this family in the sequel. Assume now that p 0 ∈ P \ P 1 . For j = 0, 1 we choose open neighbourhoods D j ⊂ C of ∆ j such that ∆ j ⊂ D j ⊂ ∆ ′ j and A(p 0 ) ∩ bD j = ∅. By continuity of p → A(p) there is an open neighbourhood U = U p 0 ⊂ P \ Q of p 0 such that A(p) ∩ bD j = ∅ for j = 0, 1 and p ∈ U. It follows that for j = 0, 1 the number of points in the set
where the points a j (p) are distinct. Consider the polynomials
, p ∈ U, i = 1, . . . , m.
Then, φ p,i (a j ) = δ i,j . For p ∈ U, any function η p satisfying condition (10) is of the form
for some σ p ∈ O(D 0 ). Approximating σ p uniformly on ∆ 0 by a functioñ σ p ∈ O(∆ 1 ) depending continuously on p ∈ U, we get functionsη p ∈ O(∆ 1 ) given byη
which depend continuously on p ∈ U and satisfying conditions (i) and (iii).
(Condition (ii) is vacuous since U ∩ Q = ∅.)
To complete the proof, we cover the compact set P \ P 1 by a finite number of open sets U 1 , . . . , U l ⊂ P \ Q of this type, add the set U 0 = P 1 into the collection, find a partition of unity {χ i } l i=0 on P subordinate to the open cover {U 0 , . . . , U l } of P , and use it to combine the resulting families of solutionsη p,i for p ∈ U i (i = 0, . . . , l) into a global family of solutions
Since none of sets U 1 , . . . , U l intersects Q, the resulting familyη p also satisfies condition (ii) for p ∈ Q.
Parametric Mergelyan theorem for manifold valued maps
The main result of this section, Theorem 4.3, provides a parametric version of Mergelyan's approximation theorem for maps from certain compact sets in Riemann surfaces to arbitrary complex manifolds. Although this is a relatively straightforward extension of the nonparametric case (see [7, Theorem 1.4] and [3, Theorem 16 ]), we could not find a precise statement in the literature. Since we need it here, we take this opportunity to fill this gap. Our proof also applies to families of maps from certain compact subsets in higher dimensional complex manifolds; see Remark 4.4.
Given a compact set S in a complex manifold M and a complex manifold X, we denote by A (S, X) the space of continuous maps S → X which are holomorphic on the interior of S. We write A (S, C) = A (S). [18] the set O(S) equals the rational algebra R(S), i.e., the uniform closure in C (S) of the space of rational functions on C with poles off S. A characterization of this class of plane compacts in terms of continuous analytic capacity was given by A. G. Vitushkin in 1966 [21, 22] . See also the exposition in T. W. Gamelin's book [8] .
We shall also consider compact sets of the following special kind. It was shown in [7, Theorem 1.4] that if a compact set S in a Riemann surface has the Mergelyan property for functions, then it also has the Mergelyan property for maps into an arbitrary complex manifold X. Furthermore, if S is admissible then the Mergelyan approximation theorem in the C r (S, X) topology holds for maps in A r (S, X) = A (S, X) ∩ C r (S, X) (see [3, Theorem 16] ). We prove the following parametric version of this result. Theorem 4.3. If M is a Riemann surface and S is a compact set in M with the Mergelyan property, then S has the parametric Mergelyan property for maps to an arbitrary complex manifold X.
More precisely, given a family of maps f p ∈ A (S, X) depending continuously on a parameter p in a compact Hausdorff space P , a Riemannian distance function dist on X, and a number ǫ > 0, there are a neighbourhood U ⊂ M of S and a family of holomorphic mapsf p : U → X, depending continuously on p ∈ P , such that dist(f p (x), f p (x)) < ǫ holds for all x ∈ U and p ∈ P .
If S = K ∪ E is an admissible set in M and f p ∈ A r (S, X) for some r ∈ N with a continuous dependence on p ∈ P , then the family f p can be approximated in the C r (S, X) topology by a family of holomorphic mapsf p ∈ O(S) in an open neighbourhood of S, depending continuously on p ∈ P .
If in addition there is a compact subset Q of P such that f p ∈ O(S) for all p ∈ Q, then the familyf p can be chosen such thatf p = f p for all p ∈ Q.
If M is an open Riemann surface, the set S has no holes, and X is an Oka manifold, then the approximating family of mapsf p in these results can be chosen holomorphic on all of M. We now consider the parametric case. When X = C, the proof is a simple application of the nonparametric case, using also a continuous partition of unity on P . Indeed, there is a finite set {p 1 , . . . , p k } ⊂ P and for each j = 1, . . . , k an open set P j ⊂ P , with p j ∈ P j , such that
By the assumption of S there are functions g j ∈ O(S) such that (12) g j − f p j | < ǫ/4 for j = 1, . . . , k.
Let {χ j } k j=1 be a partition of unity on P subordinate to the cover {P j } k j=1 . Set
For every p ∈ P we then havef p − f p = k j=1 χ j (p)(g j − f p ). If p ∈ P j then g j − f p S ≤ g j − f p j S + f p j − f p S < ǫ/2 by (11) and (12) . If on the other hand p / ∈ P j then χ j (p) = 0, so this term does not appear in the above sum forf p . It follows that
Finally, to satisfy the last condition in the theorem (i.e., fixing the maps f p ∈ O(S) for parameter values p ∈ Q), we proceed as follows. Choose a compact neighbourhood K ⊂ M of S such that f p ∈ A (K) for all p ∈ Q. As A (K) is a Banach space, Michael's extension theorem [15] (see also [6, Theorem 2.8.2] ) yields a continuous extension of the family {f p ∈ A (K)} p∈Q to a continuous family {ξ p ∈ A (K)} p∈P such that ξ p = f p for p ∈ Q. Let {f p } p∈P be the family constructed above. Choose a small neighbourhood P 0 ⊂ P of Q such that ξ p − f p S < ǫ/2 for all p ∈ P 0 . Pick a continuous function χ : P → [0, 1] supported in P 0 such that χ = 1 on Q and replacef p by χ(p)ξ p + (1 − χ(p)f p . This family enjoys all required conditions. Consider now the general case of maps to a complex manifold X. Given a continuous family {f p } p∈P ∈ A (S, X), the proof of the basic case and the compactness of P show that we can find an open cover {P j } k j=1 of P and Stein domains V j ⊂ M × X for j = 1, . . . , k such that
Embedding V j into a Euclidean space C N , the proof of the special case and the parametric approximation theorem for functions (hence for maps to C N ) allow us to approximate each family {f p } p∈P j as closely as desired uniformly on S by a continuous family {g p,j } p∈P j ∈ O(U, X), where U ⊂ M is an open neighbourhood of S. Furthermore, we can ensure that g p,j = f p for p ∈ P j ∩ Q. Assuming that the approximations are close enough and shrinking U around S if necessary, we can patch the families {g p,j } p∈P j into a single family {f p } p∈P ∈ O(U) satisfying the conclusion of the theorem by applying the method of successive patching; see [6, p. 78 ]. This means that we patch only families at a time, using the embedding V j ֒→ C N of the Stein domain containing maps from both families on the set of patching.
If S is an admissible set then the same proof applies to continuous families of maps in A r (S, X) for any r ∈ N. We use [3, Theorem 16 ] to approximate single maps, and the rest of the procedure is exactly as above. 
Proof of Theorem 1.1
We proceed in the usual way, exhausting M by an increasing sequence of compact, smoothly bounded domains without holes and performing stepwise extension of the family of immersions into CP 1 (by approximation) from one domain to the next, thereby creating a sequence converging to a family of immersions M → CP 1 . We refer e.g. to [1, 5] Two distinct cases appear in the process: the critical case, which amounts to the change of topology of the domain, and the noncritical case, which serves to enlarge the domain without changing its topology. We provide the sketch of proof of these two main steps in the present setting. where the reader can find a complete proof. (This is a special case of the hprinciple for immersions of smooth manifolds to higher dimensional manifolds, due to Smale [19] , Hirsch [13] , and Gromov [10, 9] .) If the arc E connects two connected components of K then there is no topological condition to accomplish this task. If on the other hand E closes up in K to a new generator of H 1 (M, Z), then we must use the assumption on the existence of a family of formal immersions.
Now that the family f p has been extended to S, we apply the parametric Mergelyan approximation theorem for manifold valued maps (see Theorem 4.3) to approximate {f p } p∈P in the C 1 (S) norm by a continuous family of holomorphic mapsf p : U → CP 1 (p ∈ P ) on an open neighbourhood U of S in M. Up to shrinking U around S, the approximants are immersions U → CP 1 (since they are immersions on S), and we keep fixed the maps f p , p ∈ Q.
2) The noncritical case: we attach a compact smoothly bounded disc B ⊂ M to a smoothly bounded compact domain A ⊂ M such that C = A ∩ B is also a disc and (A, B) is a Cartan pair, in the sense that A \ B ∩ B \ A = ∅. In a coordinate chart z : U → U ′ ⊂ C on a neighbourhood U ⊂ M of B, the pair C ⊂ B corresponds to a pair of compact discs ∆ 0 ⊂ ∆ 1 in C.
By Proposition 3.1 we can approximate the continuous family of immersions f p : C → CP 1 (p ∈ P ) as closely as desired on C by a continuous family of immersionsf p : B → CP 1 (p ∈ P ), keeping fixed those for p ∈ Q which are already defined on B. We may assume that the maps f g and g p are holomorphic on a fixed open neighbourhood of C for all p ∈ P . Then, there is a smaller open neighbourhood U of C such that f p = g p • γ p on U for all p ∈ P , where γ p : U → M (p ∈ P ) is a continuous family of injective holomorphic maps close to the identity, and equaling the identity for p ∈ Q. As has already been mentioned in connection to (4) , such transition maps γ p exist by the parametric version of [6, Lemma 9.12.6] or [4, Lema 5.1].
By the splitting lemma for biholomorphic maps close to the identity on a Cartan pair (see [4, Theorem 4.1] or [6, Theorem 9.7.1]), we have that
where α p : A → M and β p : B → M are injective holomorphic maps close to the identity on the respective domain, depending continuously on p ∈ P and agreeing with the identity for p ∈ Q. It follows that for all p ∈ P , f p • α p = g p • β p holds on a neighbourhood of C.
Hence, the two sides amalgamate into a family of holomorphic immersions f p : A ∪ B → CP 1 depending continuously on p ∈ P such thatf p = f p for p ∈ Q. This completes the proof of the noncritical case.
3) The induction. It remains to apply the two cases considered above in the standard inductive construction, exhaustion M by an increasing sequence of compact, smoothly bounded domains without holes and performing stepwise extension of the family of immersions (by approximation). We refer e.g. to [1, 5] for the details in a similar setting.
